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Based on the aforementioned results, it may be concluded
that both the present method and the method of Green5 pro-
vide adequate predictions of the development of turbulent,
compressible boundary layers on adiabatic walls for the range
of experimental conditions considered in Refs. 13 and 16-19.
However, the present method has been shown to give an im-
provement in accuracy, relies less on empiricism and repre-
sents a simpler and more direct extension of Head's1 incom-
pressible entrainment theory to compressible flows.
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Impulse of a Ring with Nonlinear
Material Behavior
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Introduction

THE linear dynamic response of nonaxisymmetric cylindri-
cal shells has been considered to some detail in the litera-

ture. Pay ton1 analyzed the impulsive membrane motion of a
cylindrical shell and obtained a wave form of solution rather
than the usual modal solution. The more general bending
equations have been examined by Humphreys and Winter2

using the modal technique.
The nonlinear dynamic analysis of shells and rings has al-

most exclusively concerned large displacements with linear
stress-strain functions. Examples of analyses using non-
linear strain-displacement relationships may be found in Roth
and Klosner3 and Do well.4 In both of these studies, the
nonlinear partial differential equations are reduced to non-
linear ordinary differential equations, using the Galerkin-Ritz
technique. The analysis of perfectly plastic rate sensitive
rings can be found in Perrone.5 In his paper, Perrone obtains
good correlation between approximate and numerical solu-
tions.

The present Note considers the dynamic response of a ring
whose stress-strain law is nonlinear and subject to a linear
strain-displacement relationship. The results will, in general,
be valid only for the first half cycle of motion. The initial
conditions of the ring can be functions of the angular variable.

Equilibrium Equations and Problem Formulation

The geometric configuration is a thin walled ring of radius
a, density p, and thickness h. For small displacements, the
equilibrium equations describing membrane motion may be
combined into a single equation relating hoop stress and hoop
strain. This equation has been presented by Payton and is
given by

(dV/d<92) - o- - Pa2(dW^2) = 0 (1)

where a is the hoop stress, e# is the hoop strain, 6 is the angular
coordinate, and t is time. The ring is assumed to be fabri-
cated from a work hardening material whose stress-strain re-
lationship obeys the following nonlinear equation:

= E(ee - bee*) (2)

The constant E is analogous to Young's modulus, and b is
a nondimensional positive constant. This relationship is
valid until the absolute value of ee is greater than e; where e is
the point of zero slope given by e = 1/(36)1/2. The behavior
of Eq. (2) is typical of a uniaxial tensile test during the
loading phase. Whereas some substances (polymers for ex-
ample) also obey this equation while unloading, most struc-
tural materials observe a linear stress-strain behavior during
the unloading cycle. Thus, the total transient motion of the
ring becomes a bookkeeping chore with different stress-strain
behaviors. This study will be concerned primarily with the
initial loading cycle and expressions developed will, in general,
be valid only during this loading phase.

Eliminating o~ from Eqs. (1) and (2), introducing the new
variable e, and defining the nondimensional time r yields

(d2e/d02) - e - (d2e/dr2) + ^{e*— [52(e3)/d02]} = 0 (3)

where r = t(E/p)1/2/a and e = 2e0/e. The variable e appear-
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ing in Eq. (3) is the hoop strain normalized by c/2. The
Galerkin-Ritz technique will now be used to reduce Eq. (3) to
a system of ordinary differential equations. A solution to
Eq. (3) is assumed to be of the following form:

0, r) Xi(r) cosi6 (4)

i.e., motion symmetric about 0 = 0. Substituting Eq. (4)
into Eq. (3) results in

^ Ai cosiO = 0

where Ai are functions of the z/s. Using the Galerkin-Ritz
technique, there results

A, = 0; i = 0, 1, 2, ... (5)
If expansion (4) is limited to n terms, Eq. (5) represents
n second-order nonlinear ordinary differential equations.
These equations assume the following form:

n>m>l
(A)
v '

where dots denote derivatives with respect to r, C is equal to
-^±, and i varies from 0 to n. The first summation on the
right-hand side of Eq. (6) is for all j except j = i; the second
summation is for j 5* k, subject to the restrictions 2j + k = i
or 12j — k | = i; and the third summation is for n > m > I
and subject to the four restrictions I + m + n = i, \l — m —

= i, \l + m — n = i, or \l — m
may be written,

= i. Equation (6)

i = 0, 1, 2, (7)

where o>;2 equals 1 + i2 and /< are nonlinear functions of the n
variables Xj. The next step in the problem formulation is to
reduce Eq. (7) to a set of linear differential equations.

An approximate solution to Eq. (7) will be obtained using a
Poincare type of expansion. The dependent variables Xj are
expanded in the following manner:

y=o
(8)

This technique, of course, leads to unstable secular terms (in-
ternal resonance) appearing in the solution. As is elucidated
in Cunningham,6 these terms are eliminated by also expanding
the co». This expansion becomes

co, = (9)

The o>*j are found by using Eq. (9) and by eliminating the
coefficients of the resonant terms appearing in the higher
order xt$ differential equations. Expansion (9) is actually
a specialization of the Lighthill independent variable ex-
pansion described by Tsien.7 Substituting Eqs. (8) and
(9) into Eq. (7) and equating coefficients of C1' yields the x*,
differential equations. For j = 0 and j = 1 these equations
become

£;o + co;02#;o = 0 (lOa)
Xii + uio

2Xii = — un2Xio + fi(xjo) (lOb)
Higher order equations are easily obtained but cannot be writ-
ten as concisely as Eq. (10).

Half-Cosine Impulse

The initial conditions for this example are given by

6(0,0) = 0

(de/dr)(0,0) = y0 cos0; | Tr/2

(lla)

(lib)

Fig. 1 Frequency-impulse amplitude relationship.

(de/dr)(0,0) = 0; |0| > 7T/2 (lie)

where VQ may be thought of as a nondimensional strain rate
and is the only parameter of the impulsive response. The
initial condition concerning an impulse is often characterized
by the radial impulse per area 7. The relationship between
VQ and I is given by

VQ = 27(3&)1/2/p/Kp/#)1/2 (12)
The xa initial conditions follow from Eqs. (4), (8), and (11).
They are

= 0

0; j > 0

(13a)
(13b)
(13c)

where the m are given by

Ui = (-l)«/«+i2«b/ir(*» - 1); i = 2,4,6,8, . . .

m = 0; i = 3,5,7, . . .

Seven terms in Eq. (4) and two terms in Eqs. (8) and (9)
have been found by the author to be sufficiently accurate
(within 5%) to describe the motion indicated by Eq. (11).

.5 1.0
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Fig. 2 Comparison of the approximate transient solution
at 6 » 0 with the exact solution.
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Fig. 3 Comparison of the approximate solution for the
maximum strain at 6 = 0 with the exact solution.

The pertinent xiQ follow from Eqs. (10) and (13).
functions become

singer

These

(14)

The xn differential equations are determined from Eqs. (6)
and (10) and can be found in Sweet.8 The co^- appearing in
these equations must be chosen so as to eliminate the secular
terms. As is demonstrated in Sweet, the elimination of the
secular terms requires

f (15a)

i = 1,2,4,6 (15b)

w30
2 = co3

2 £3 10 (15c)

co50
2 = co5

2 = 26 (15d)

The Mi, can therefore be found from Eqs. (15) and the
following equations:

co;2 = co;02 + Co)*2; i = 0,1,2,4,6 (16)
Equations (4, 8, 10, and 14) yield the solution for e(r,0).
This solution may be written as

*(r,ff> = E (-
1 = 0 [<•

I— (17)

where all of the x^ appearing in Eq. (17) are functions of the
dummy variable £, the/<(s,-o) can be found from Eqs. (6) and
(10), and the co,-/ are given by Eqs. (15) and (16).

The impulsive response of the ring e(r,0) subject to the
half-cosine loading varies only with the parameter % The
parameter v0, in turn, is related to the physical parameters of
the ring by Eq. (12) and the normalized strain e is related to
the physical strain ee by e = 2(36)1/2e0.

The behavior of the system as a function of v0 is presented
in Figs. 1-3. The amplitude-frequency coupling typical of
nonlinear systems is indicated in Fig. 1. The comparison of
the approximate solution given by Eq. (17) to the finite dif-
ference solution of Eq. (3) at 0 = 0 appears in Figs. 2 and 3.
The responses in Fig. 2 for VQ = 2.33 and v0 = 1.0 are plotted
only up to the time when unloading occurs, since the stress-
strain function of most materials changes during unloading.
The maximum value of v0 was chosen to be 2.33 because this
value corresponds to a maximum hoop strain fa) equal to e.
This value, of course, is the limiting value of Eq. (2). The
maximum values of e(r,0) at 6 = 0 vs VQ are given in Fig. 3.
It can be seen that the solution given by Eq. (17) agrees quite
well with the exact solution for the maximum strain.

The method of solution developed in this study is not
limited to a cubic stress-strain relationship, to the membrane
equations, or to a half-cosine impulse. It can be extended to
other stress-strain curves, to the more general bending equa-
tions, or to different initial conditions. This solution can
also be combined with a linear analysis in order to analyze the
behavior of a material behaving linearly during unloading.
However, for most studies, the maximum strain appearing in
Fig. 3 is all that is required.
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Entropy Correlation-Analog

WITHIN an appropriate flight regime, an entropy corre-
lation and a nozzle-shock layer analog may be combined

to predict the frozen nonequilibrium properties in the inviscid
inner shock layer stream tube for slender, slightly blunted,
conical bodies. Early analytical work on flow expansions

Fig. 1 Nozzle flow—shock layer analog.
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